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Abstract 
In this study, we investigated the manner in which non-muscular forces such as centrifugal, Coriolis, and gravity 
forces of each link generates, absorbs, and transfers mechanical energy in order to produce maximum velocity. This 
investigation was carried out using multi-body power analysis derived entirely from the dynamical equations of a 
three-dimensional (3D) double pendulum with a moving pivot model. The objective of this study was to reassess the 
motions of the forearm and the wrist joint during baseball pitching. To accomplish this objective, the arm movements 
of a collegiate male baseball pitcher were captured using a motion capture system at a sampling rate of 1 kHz. This 
analysis clarified that the mechanical energy of the hand segment was transferred via the internal force, which was 
mainly dominated by the centrifugal force. Whereas the muscle torque applied to the wrist joint absorbed the 
mechanical energy of the hand segment instead of increasing the energy. 
 
© 2012 Published by Elsevier Ltd. 
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1. Introduction 
Some previous studies on three-dimensional (3D) sports movements have calculated the muscle torque 
at each joint using an inverse dynamics technique; this technique can identify the characteristics of 
movement kinematics associated with large joint forces and torques [1]. Single-joint movements can be 
mechanically explained simply on the basis of the muscle torque and the gravity torque acting on the 
concerned joint. However, it is rather difficult to explain multi-joint movements, because the torque at one 
joint includes not only the muscle torque and the gravity torque but also the interaction torques attributed 
to the rotation of the other joints. In the case of the pitching motion in baseball, the upper extremity is 
mainly accelerated by the velocity-dependent torque and not the joint torque [2, 3]. Hirashima et al. [4] 
revealed that the interaction torque at the wrist was always counteractive to the muscle torque. The 
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authors suggested that these mechanical properties ensure the stability of the wrist during a multi-joint 
movement; e.g., this stability will prevent excessive motion of the wrist, which otherwise would cause 
injury to the wrist, and the wrist in turn will provide a relatively stable base for extrinsic finger control. [5]. 
Although the previous studies have examined the utilization and compensation of interaction torques 
during throwing movements [2, 3, 4, 5], dynamical mechanism of the forearm and the wrist are still 
unclear. Therefore, these studies failed to evaluate how mechanical energy of each link was generated, 
absorbed, and transferred. Here, we investigated how non-muscular forces such as centrifugal, Coriolis, 
and gravity forces of each link generates, absorbs, and transfers mechanical energy to produce maximum 
velocity. This investigation was carried out using multi-body power analysis derived entirely from the 
dynamical equations of a 3D double pendulum with a moving pivot model. The objective of this study 
was to reassess the motions of the forearm and the wrist joint during baseball pitching. 
2. Methods 
2.1. Subject 
One healthy male baseball pitcher (height = 177 cm; mass = 72 kg, and age = 20 years) provided 
informed consent and volunteered to participate in this study. The pitcher was a right-handed and an over-
hand pitcher.  
2.2. Data Collection  
After warming up with a normal routine, the participant pitched the ball on an indoor pitching mound. 
Reflective markers were attached to the pitcher and the ball, and a Vicon MX motion analysis system 
(Oxford Metrics Inc.) was used to record their movements. The system operated 12 cameras at a sampling 
frequency of 1 kHz. Spherical reflective markers (diameter = 14 mm) were also attached to the spinous 
processes of the 7th cervical vertebra and the 8th thoracic vertebra, the deepest point of the incisura 
jugularis, the xiphoid process, the lateral superior tip of the acromion, the anterior and posterior surfaces 
of the shoulder overlying the glenohumeral joint, the lateral epicondyle of the humerus (EL), the medial 
epicondyle of the humerus (EM), the most lateral point on the radial styloid (RS), the most medial point 
on the ulnar styloid (US), and the third metacarpal on the dorsal aspect. A hemispherical reflective marker 
(diameter = 6 mm) was also placed on the dorsal aspect of the third distal phalanx of the throwing hand 
(FT), and four additional markers were attached to the official baseball. 
The instantaneous position of the ball center was estimated from the coordinates of the four reflective 
markers on the ball using a least-square technique; the instantaneous position was found to be equidistant 
from each marker. The instant of ball release (REL) was defined as the instant at which the distance 
between the ball center and the FT marker exceeded the sum of the radius of the baseball (4.125 cm), the 
radius of the FT marker (0.3 cm), and the finger thickness (1.2 cm). 
The participant regularly pitched eight fastballs (four-seam) during both the actual competition. One 
trial was selected for analysis. A trial in which the velocity of the pitch was high was chosen for analysis. 
The 3D coordinates of the reflective markers were smoothed using singular spectrum analysis [6]. 
3. Double pendulum model of the pitching motion 
A 3D double pendulum model was employed to analyze the pitching motion. This model comprises 
rigid bodies supported by fixed, frictionless pivots. Both the supporting pivots allow the pendulum to 
have three degrees of rotational freedom. 
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3.1.1. Definition of the coordinate system 
At each time frame, the local reference frames were calculated at the forearm (ȈL1) and the hand (ȈL2). 
The location of the shoulder joint center was determined as the point of bisection of the anterior and the 
posterior markers, which was orthogonal to a line dropped from the acromion marker. The elbow joint 
center (x0) was the midpoint between EL and EM. The wrist joint center (x1) was the midpoint between 
RS and US. Prior to the test, we determined the third metacarpal joint center ሺx2ሻusing vector algebra and 
measured the hand height (28 mm) at the head of the third metacarpal where the hand marker was placed. 
It should be noted that ݈1 is the length of the central forearm (link 1) from x0 to x1; ࢋl1 is the reference 
frame vector normalized to unit length (Fig. 1a). ࢋua is a vector from x0to the shoulder joint center. ࢋஞ1 is 
the cross-product of ࢋl1and ࢋua; ࢋɄ1 is the cross-product of ࢋஞ1 and ࢋl1. Similarly, ݈2 is the length of the 
hand (link 2) from x1 to x2; ࢋl2 is the reference frame vector normalized to unit length. ࢋஞ2 represents the 
cross-product of ࢋl2 and a vector from the US to RS, and ࢋɄ2, the cross-product of ࢋஞ2 and ࢋl2. 
 ࢋɄ1 and ࢋஞ1 do not necessarily coincide with the velocity vector of x2, because the hand segment 
rotates about the long axis. Therefore, we determined an additional local reference frame (Ȉq2 ) for 
analysis. ࢋ୯ଶ  represents 
ௗࢋl2
ௗ௧
ቚௗࢋl2
ௗ௧
ቚൗ , where ݀ࢋl2 ݀ݐΤ  is the velocity of ࢋl2 . The direction of ࢋ୯ଶ  is 
perpendicular to that of ࢋl2. ࢋt2 is defined as the cross-product of ࢋl2 and ࢋ୯ଶ.  
x1 and x2 denote the center of masses of link 1 and link 2, respectively (Fig. 1b). Further, mͳ and mʹ 
denote the masses of the two links, respectively. J1 and Jʹ denote the inertia matrix of the two links, 
respectively. In this study, the ball was regarded as the mass that was applied to link 2. ݈1 and ݈2 denote 
the length between each pivot and the center of mass. Using the measured data and the body segment 
parameters for Japanese populations reported by Ae et al. [7], we calculated the mass and the moment of 
inertia of each segment.  
 (a)                                                            (b) 
 
 
 
 
 
 
 
 
 
 
Fig. 1. (a) Definition of the coordinate system for analysis; (b) Definition of the double pendulum model 
3.1.2. Kinematics of the double pendulum  
From the second derivatives of each position vector x1, x1, and x2, accelerations ࢞ሷ 1, ࢞ሷ 1, and ࢞ሷ 2 are 
given by 
 ࢞ሷ 1 ൌ ࢞ሷ 0 ൅࣓ሶ ଵ ൈ ݈1ࢋl1 ൅࣓ଵ ൈ ൫࣓ଵ ൈ ݈1ࢋl1൯ (1)
 ࢞ሷ 1 ൌ ࢞ሷ 0 ൅࣓ሶ ଵ ൈ ݈1ࢋl1 ൅࣓ଵ ൈ ሺ࣓ଵ ൈ ݈1ࢋl1ሻ, (2)
 ࢞ሷ 2 ൌ ࢞ሷ 1 ൅࣓ሶ ଶ ൈ ݈2ࢋl2 ൅࣓ଶ ൈ ൫࣓ଶ ൈ ݈2ࢋl2൯. (3)
 ൌ ࢞ሷ 0 ൅࣓ሶ ଵ ൈ ݈1ࢋl1 ൅࣓ଵ ൈ ሺ࣓ଵ ൈ ݈1ࢋl1ሻ ൅ ࣓ሶ ଶ ൈ ݈2ࢋl2 ൅࣓ଶ ൈ ൫࣓ଶ ൈ ݈2ࢋl2൯. (4)
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3.1.3. Dynamics of the double pendulum 
Newton’s equation for each segment are given as 
 m1൫࢞ሷ g1 െ g൯ ൌ ࡲ1 െ ࡲ2, (5)
 m2൫࢞ሷ g2 െ g൯ ൌ ࡲ2, (6)
where ࡲ1 and ࣎1 are the force and the torque vector acting on joint x0, and ࡲ2 and ࣎2 are the force and the 
torque vector acting on joint x1. Eqs. (3), (4), and (6) are used to express the internal force ࡲ2 as follows: 
 ࡲ2 ൌ m2൫࢞ሷ g2 െ g൯ (7)
 
ൌ ݉ଶሺ࢞ሷ ଴ െ ࢍሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
ࡲlinమ
൅ ݉ଶሺ࣓ሶ ଵ ൈ ݈ଵࢋ௟ଵሻᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ൅
ࡲL1aమ
݉ଶ൫࣓ଵ ൈ ሺ࣓ଵ ൈ ݈ଵࢋ௟ଵሻ൯ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
ࡲL1cమ
൅m2൫࣓ሶ ଶ ൈ ݈2ࢋl2൯ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
ࡲL2aమ
൅m2 ቀ࣓ଶ ൈ ൫࣓ଶ ൈ ݈2ࢋl2൯ቁᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ
ࡲL2cమ
Ǥ (8)
From these equations, we can explicitly show how ࡲ2 is affected by the accelerations of other segments. 
Given Euler equations 
 J1࣓ሶ ଵ ൅ ࣓ଵ ൈ J1࣓ଵ ൌ ࣎1 െ ࣎2 െ ݈g1ࢋl1 ൈ ࡲ1 ൅ ൫݈1 െ ݈1൯ࢋl1 ൈ ሺെࡲ2ሻ, (9)
 J2࣓ሶ ଶ ൅ ࣓ଶ ൈ J2࣓ଶ ൌ ࣎2 െ ݈g2ࢋl2 ൈ ࡲ2, (10)
we can express the full dynamic equations of the 3D double pendulum. 
3.1.4. Energy change rate 
The mechanical energy for each segment, E1 and E2, is expressed in terms of the kinetic energy of 
each segment, T1 and T2, and the potential energy of each segment, U1 and U2. By differentiating the 
mechanical energy of the hand, E2 ൌ T2 ൅ U2, and by substituting (10), we obtain another equation for 
the power of the hand: 
 ܧሶ2 ൌ ࡲଶ்࢞ሶ 1 ൅ ࣎ଶ்࣓ଶ. (11)
It should be noted that the first term of Eq. (11) denotes the power transferred via the internal force, and 
the second term denotes the power produced/absorbed by the muscle (external force). Eqs. (3), (4), and 
(11) can be used to obtain the rate of change of the mechanical energy for the hand, ܧሶ2: 
 ܧ
ሶ2 ൌ ࡲ௧ଶ ࢞ሶଵ t2ᇣᇧᇤᇧᇥ
௉೟మ
൅ ࡲ௟ଶ ࢞ሶଵ l2ᇣᇧᇤᇧᇥ
௉೗మ
൅ ࡲ௤ଶ ࢞ሶଵ q2ᇣᇧᇤᇧᇥ
௉೜మ
ᇩᇭᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇭᇫ൅ ࣎ଶ்࣓ଶ, (12)
where the internal force ࡲ2  and velocity ࢞ሶ 1  are defined as ࡲ2 ൌ ൣࡲ௧ଶ,ࡲ௟ଶ,ࡲ௤ଶ൧
்
 and 
࢞ሶ 1 ൌ ൣ ࢞ሶଵ t2, ࢞ሶଵ l2, ࢞ሶଵ q2൧
்
 in a coordinate frame Ȉq2 (Fig. 1.)  
4. Results 
The velocity of the ball at REL (t=1.000 s) was 39.0 m/s. The maximal shoulder external rotation 
(MER) occurred at t=0.970 s. The maximum value of the relative angle of link 1 and link 2 was obtained 
at t=0.960 s (44.8°). This value then gradually decreased, and subsequently, was 14.3° at REL. 
The angular velocity of link 1 (ȁࢋሶ l1ȁ) gradually increased to the REL. In contrast, the angular velocity 
of link 2 ( ȁࢋሶ l2ȁ ) attained a minimum value just before the MER (25.7 rad/s), following which it 
dramatically increased to the REL. Link 2, however, stopped accelerating before the REL.  
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                 (a)                                                                         (b) 
 
 
 
 
 
 
 
 
Fig. 2. (a) ࡲ2 component in local coordinate system (ȈL2); (b) ࣎2 component in local coordinates system (ȈL2) 
The magnitude of ࡲ௟ଶ  was the largest among each axis of ࡲ2  about ȈL2 , and it increased rapidly 
between the MER and REL (Fig. 2a). This result indicates that the force acting on link 2 mainly 
constitutes a centrifugal force.  
The maximum value of the wrist flexion torque (9.9 Nm) was attained prior to the MER ( ൌ ͲǤͻͷ͹). 
Subsequently, the wrist extension torque increased rapidly and its maximum value (െ 39.6 Nm) was 
attained at  ൌ ͲǤͻͻͷ (Fig. 2b). The wrist extension torque caused a decrease in the angular velocity of 
the hand. The mechanical energy of link 2 increased from before the MER (Fig. 3a). ࡲ2 accounted for a 
majority of the mechanical energy that flowed to link 2 (Fig. 3b). The mechanical energy of link 2 was 
transferred through the forearm via a non-muscular force. However, the mechanical energy of each link 
decreased just before the REL. ࣎2 didn’t contribute toward generating the mechanical energy of link 2. 
Not only that but ࣎2 acted on the absorption of the mechanical energy from link 2.  
            (a)                                                                         (b) 
 
 
 
 
 
 
 
 
Fig. 3. (a) Comparison of power for each link; (b) Comparison of source of power 
             (a)                                                                        (b) 
 
 
 
 
 
 
 
 
 
Fig. 4. (a) Torque due to muscle torque and internal force ࡲ2; (b) Distribution of internal force ࡲ2 contributing to torque 
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Fig. 4a shows the torque around ࢋt2 aboutȈq2. െ݈gࢋl2 ൈ ࡲ2 is the moment that is caused by ࡲ2 acting 
on link 2. While െ݈gࢋl2 ൈ ࡲ2 increases before the REL, ࣎2 negated the moment െ݈gࢋl2 ൈ ࡲ2. Using Eq. 
(8), we decompose ࡲ2 into ࡲlinଶ , the component of linear acceleration; ࡲL1aଶ , the component of angular 
acceleration of the forearm; ࡲL1cଶ , the component of centrifugal acceleration of the forearm; ࡲL2aଶ , the 
component of angular acceleration of the hand; and ࡲL2cଶ , the component of centrifugal acceleration of 
the hand (Fig. 4b). Then, we explicitly show the contribution of the angular acceleration of the hand to 
ࡲ2. ࣎2 compensated for the moment caused by the angular acceleration of the forearm before the MER. 
After the MER, ࣎2 negated the moments caused by not only the angular but also centrifugal acceleration 
of the forearm. 
5. Discussion 
The mechanical energy of link 2 was supplied ࡲ2, which is governed by the centrifugal force of the 
forearm. The supplied energy was originally produced by proximal motion. In order to increase the 
supply of mechanical energy to the hand, it is important that the arm rotational movement is accelerated 
by the trunk and the shoulder joint torque in the earlier phase. 
Although the muscle torque counteractive to the internal force is mechanically disadvantageous for 
generating a large angular velocity at the joint, it may have some alternative merits. In fact, because the 
hand is shorter than the forearm and the upper arm, the angular velocity of the wrist is less effective in 
increasing the ball speed than the angular velocity of the elbow and the shoulder. The wrist, therefore, is 
equipped with a self-defense mechanism and provides a relatively stable base for extrinsic finger control. 
It is also thought that the wrist joint have a roll to apply spin a ball [8]. The Wrist joint may contribute to 
the rotational velocity and not the translational velocity of a ball. The concept of the kinetic chain refers 
to energy being created with the larger segments and muscles and then the transfer of energy up through 
the throwing arm, out to the wrist and ultimately the ball. This phase sequential mechanism causes the 
kinetic chain, which we mathematically explained in this study. 
6. Conclusion 
The mechanical energy of the hand was supplied the non-muscular force, which is governed by the 
centrifugal force of the forearm. However, the muscle torque of the wrist absorbs the mechanical energy 
of the hand. It is concluded that only the wrist cannot generate a high ball velocity. 
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